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.2013.07.0Abstract The main aim of the present work is to propose a new and simple algorithm for Volterra
integral equation arising in demography, the study of viscoelastic materials, and in insurance math-
ematics through the renewal equation by using homotopy analysis transform method. The homot-
opy analysis transform method is an innovative adjustment in Laplace transform algorithm and
makes the calculation much simpler. The solutions obtained by proposed method indicate that
the approach is easy to implement and computationally very attractive. The beauty of the paper
is coupling of two techniques. Finally, two numerical examples are given to show the accuracy
and stability of this method.
 2013 Production and hosting by Elsevier B.V. on behalf of Ain Shams University.1. Introduction
Homotopy analysis transform method (HATM) basically illus-
trates how the Laplace transform can be used to approximate
the solutions of the Volterra integral equations by manipulat-
ing the homotopy analysis method. The proposed method is
coupling of the homotopy analysis method and Laplace trans-0905223.
.ac.in, skiitbhu28@gmail.com
il.com (J. Singh), devendra.
Shams University.
g by Elsevier
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04form method. The main advantage of this proposed method is
its capability of combining two powerful methods for obtaining
rapid convergent series for Volterra integral equation. Homot-
opy analysis method (HAM) was ﬁrst proposed and applied by
Liao [1–4] based on homotopy, a fundamental concept in
topology and differential geometry. The HAM is based on con-
struction of a homotopy which continuously deforms an initial
guess approximation to the exact solution of the given problem.
An auxiliary linear operator is chosen to construct the homot-
opy and an auxiliary parameter is used to control the region of
convergence of the series solution. The HAM provides greater
ﬂexibility in choosing initial approximations and auxiliary lin-
ear operators and hence a complicated nonlinear problem can
be transformed into an inﬁnite number of simpler, linear sub
problems, as shown by Liao and Tan [5]. The HAM has been
successfully applied by many researchers for solving linearin Shams University.
244 S. Kumar et al.and non-linear partial differential equations [6–14]. In recent
years, many authors have paid attention to studying the solu-
tions of linear and nonlinear differential and integral equations
by using various methods with combined the Laplace trans-
form method. Among these are the Laplace decomposition
methods [15,16], homotopy perturbation transform method
[17–19]. Recently, Khan et al. [20] has applied to obtain the
solutions of the Blasius ﬂow equation on a semi-inﬁnite domain
by coupling of homotopy analysis and Laplace transform
method.
Motivated by this work, we develop a new iterative proce-
dure for numerical solutions of Volterra integral equation.
Also, we introduce alternate technique in which we remove
the singularity and then compute an approximate solution by
the new homotopy analysis transform method in the form of
a rapidly convergent series with easily computable compo-
nents. Let y(x) be the function to be solved, f(x) is given known
function, and kernel K(x, t) a known integral kernel. The Vol-
terra integral equation of second kind is an integral equation
of the form
yðxÞ ¼ fðxÞ þ
Z x
a
Kðx; tÞyðtÞdt: ð1:1Þ
In this paper, we apply the NHATM to solve the Volterra inte-
gral equation with separable kernel i.e. Kðx; tÞ ¼Pni¼0MiðxÞ
NiðtÞ. In 2008, Odibat [21] has applied to obtain the solution
of Volterra integral equation.2. Analysis of new homotopy analysis transform method for
Volterra Integral equation
In order to elucidate the solution procedure of the homotopy
analysis transform method, we consider the following Volterra
integral equation of second kind:
yðxÞ ¼ fðxÞ þ
Z x
0
Kðx; tÞyðtÞdt; 0 6 x 6 1; ð2:1Þ
Now operating the Laplace transform on both side in Eq.
(2.1), we get
L½yðxÞ ¼ L½fðxÞ þ L
Z x
0
Kðx; tÞyðtÞdt
 
; ð2:2Þ
We deﬁne the nonlinear operator
N½/ðx; qÞ ¼ L½/ðx; qÞ  L½fðxÞ
 L
Z x
0
Kðx; tÞ/ðx; qÞdt
 
; ð2:3Þ
where q e [0,1] be an embedding parameter and /(x; q) is the
real function of x and q. By means of generalizing the tradi-
tional homotopy methods, the great mathematician Liao [1–
4] construct the zero order deformation equation
ð1 qÞL½/ðx; qÞ  y0ðxÞ ¼ hqHðxÞN½/ðx; qÞ; ð2:4Þ
where ⁄ is a nonzero auxiliary parameter, H(x) „ 0 an auxiliary
function, y0(x) is an initial guess of y(x) and /(x; q) is an un-
known function. It is important that one has great freedom
to choose auxiliary thing in HATM. Obviously, when q= 0
and q= 1, it holds
/ðx; 0Þ ¼ y0ðxÞ; /ðx; 1Þ ¼ yðxÞ; ð2:5Þrespectively. Thus, as p increases from 0 to 1, the solution var-
ies from the initial guess y0(x) to the solution y(x). Expanding
/(x; q) in Taylor’s series with respect to q, we have
/ðx; qÞ ¼ y0ðxÞ þ
X1
m¼1
qmymðxÞ; ð2:6Þ
where
ymðxÞ ¼
1
m !
@m/ðx; qÞ
@qm

q¼0
: ð2:7Þ
If the auxiliary linear operator, the initial guess, the auxiliary
parameter ⁄, and the auxiliary function are properly chosen,
the series (2.6) converges at q= 1, we have
yðxÞ ¼ y0ðxÞ þ
X1
m¼1
ymðxÞ; ð2:8Þ
which must be one of the solutions of original Volterra integral
equation.Deﬁnes the vectors
~yn ¼ fy0ðxÞ; y1ðxÞ; y2ðxÞ; . . . ; ynðxÞg: ð2:9Þ
Differentiating Eq. (2.5), m time with respect to embedding
parameter q and then setting q= 0 and ﬁnally dividing them
by m!, we obtain the mth order deformation equation as
L½ymðxÞ  vmym1ðxÞ ¼ hqHðxÞRmð~ym1; xÞ; ð2:10Þ
where
Rmð~ym1; xÞ ¼ 1ðm 1Þ!
@m1/ðx; qÞ
@qm1

q¼0
; ð2:11Þ
and
vm ¼
0; m 6 1;
1; m > 1;

ð2:12Þ
In this way, it is easily to obtain ym(x) for mP 1; at Mth or-
der, we have
yðxÞ ¼
XM
m¼0
ymðxÞ; ð2:13Þ
when Mﬁ1 we get an accurate approximation of the origi-
nal Eq. (2.1).
3. Numerical experiments
In this section, we shall illustrate the homotopy analysis trans-
form technique by two examples.
Example 1. Consider the following linear Volterra integral
equation [21] as:
yðxÞ ¼ xþ
Z x
0
ðt xÞyðtÞdt; 0 < x < 1: ð3:1Þ
Applying the Laplace transform on both sides in Eq. (3.1) and
after, using convolution property of Laplace transform, we get
L½yðxÞ ¼ L½x  1
s2
L½yðxÞ; ð3:2Þ
We choose the linear operator as
£½/ðx; qÞ ¼ L½/ðx; qÞ; ð3:3Þ
with property £½c ¼ 0; where c is constant.
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N½/ðx; qÞ ¼ L½/ðx; qÞ  L½x þ 1
s2
L½/ðx; qÞ; ð3:4Þ
Using above deﬁnition, with assumption H(x) = 1, we con-
struct the zeroth order deformation equation
ð1 qÞL½/ðx; qÞ  y0ðxÞ ¼ hqN½/ðx; qÞ; ð3:5Þ
Obviously, when q= 0 and q= 1,
/ðx; 0Þ ¼ y0ðxÞ; /ðx; 1Þ ¼ yðxÞ; ð3:6Þ
Thus, we obtain the mth order deformation equation
L½ymðxÞ  vmym1ðxÞ ¼ hRmð~ym1ðxÞÞ; ð3:7Þ
Operating the inverse Laplace transform, we have
ymðxÞ ¼ vmym1ðxÞ þ hqL1 ½Rmð~ym1; xÞ; ð3:8Þ
where
Rmð~ym1; xÞ ¼ L½ym1ðxÞ  L½x þ
1
s2
L½ym1ðxÞ; ð3:9Þ
Now the solution of mth order deformation Eq. (3.7)
ymðxÞ ¼ ðvm þ hÞym1ðxÞ  hð1 vmÞx
þ hL1 1
s2
L½ym1ðxÞ
 
; ð3:10Þ
Using the initial approximation y0(x) = f(x) = x and the iter-
ative scheme (3.10), we obtain the various iterates
y1ðxÞ ¼
hx3
3!
;
y2ðxÞ ¼
hð1þ hÞx3
3!
þ h
2x5
5!
;
y3ðxÞ ¼
hð1þ hÞ2x3
3!
þ h
2ð1þ hÞx5
60!
þ h
3x7
7!
;
y4ðxÞ ¼
hð1þ hÞ3x3
3!
þ h
2ð1þ hÞ2x5
40
þ h
3ð1þ hÞx7
1680
þ h
4x9
9!
;
Proceeding in this manner, the rest of the components yn(x) for
nP 5 can be completely obtained and the series solutions are
thus entirely determined.
The solution of the problem is given as
yðxÞ ¼ y0ðxÞ þ
X1
m¼1
ymðxÞ; ð3:11Þ
However, mostly, the results given by the Laplace decomposi-
tion method and homotopy perturbation transform method
converge to the corresponding numerical solutions in a rather
small region. But, different from those two methods, the
homotopy analysis transform method provides us with a sim-
ple way to adjust and control the convergence region of solu-
tion series by choosing a proper value for the auxiliary
parameter ⁄. If we select ⁄= - 1, then
yðxÞ ¼ x x
3
3!
þ x
5
5!
 x
7
7!
þ    ¼ sinðxÞ: ð3:12Þ
The above result is in complete agreement with Odibat [21].Example 2. We consider the following linear Volterra integral
equation [21] as:
yðxÞ ¼ 1 x x
2
2
þ
Z x
0
ðx tÞyðtÞdt; 0 < x < 1: ð3:13Þ
Thus, we obtain the mth order deformation equation
L½ymðxÞ  vmym1ðxÞ ¼ hRmð~ym1ðxÞÞ; ð3:14Þ
Operating the inverse Laplace transform, we have
ymðxÞ ¼ vmym1ðxÞ þ hqL1 ½Rmð~ym1; xÞ; ð3:15Þ
where
Rmð~ym1; xÞ ¼ L½ym1ðxÞ  L 1 x
x2
2
 
 1
s2
L½ym1ðxÞ; ð3:16Þ
Now the solution of mth order deformation Eq. (3.15)
ymðxÞ ¼ ðvm þ hÞym1ðxÞ  hð1 vmÞ 1 x
x2
2
 
 hL1 1
s2
L½ym1ðxÞ
 
; ð3:17Þ
Using the initial approximation y0ðxÞ ¼ fðxÞ ¼ 1 x x22 and
the iterative scheme (3.17), we obtain the various iterates
y1ðxÞ ¼ 
h
4!
ð12x2  4x3  x4Þ;
y2ðxÞ ¼ hð1þ hÞ 
x2
2!
þ x
3
3!
 
þ hð2hþ 1Þx
4
4!
 h
2x5ðxþ 6Þ
6!
;
y3ðxÞ ¼ 
1
2
hð1þ hÞ2x2 þ 1
3!
hð1þ hÞ2x3 þ 1
4!
ð1þ hÞð3hþ 1Þx4
 1
60
h2ð1þ hÞx5  1
6 !
h2ð2þ 3hÞx6
þ 1
8!
h3x7ð8þ xÞ;
In the similar way, the rest of the components yn(x) for nP 4
can be completely obtained and the series solutions are thus
entirely determined. If we select ⁄= - 1, then clearly, we can
conclude that the obtained solution
P1
m¼0ymðxÞ converges to
the exact solution y(x) = 1  sinh x. The above solution is in
complete agreement with Odibat [21].
4. Concluding remarks
The main aim of this work is to provide the series solution of
the Volterra integral equation by using the new homotopy
analysis transform method (HATM). Homotopy analysis
transform method is coupling of homotopy analysis and La-
place transform method. The new modiﬁcation is a powerful
tool to search for solutions of Volterra integral equation. An
excellent agreement is achieved. The proposed method is em-
ployed without using linearization, discretization or transfor-
mation. It may be concluded that the HATM is very
powerful and efﬁcient in ﬁnding the analytical solutions for a
wide class of differential and integral equation. The method
246 S. Kumar et al.gives more realistic series solutions that converge very rapidly
in physical problems.Acknowledgments
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